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Communication
Simulation of 3-D Electromagnetic Scattering and Inverse Scattering by

Arbitrary Anisotropic Dielectric Objects Embedded in
Layered Arbitrary Anisotropic Media

Jianwen Wang, Jiawen Li, Yanjin Chen, Feng Han , and Qing Huo Liu

Abstract— This communication studies 3-D electromagnetic (EM)
scattering and inverse scattering of arbitrary anisotropic dielectric
objects embedded in multilayered media. Different from previous work,
the scatterer is not only arbitrary anisotropic, but also the arbitrary
anisotropy of the layered background media is formed by rotation of
the principal axes of uniaxial media. In addition, the scatterers are
allowed to be placed across layer boundaries. The forward model is
formulated by the electric field integral equation (EFIE), solved by
the biconjugate gradient stabilized (BCGS) method, and accelerated
by the fast Fourier transform (FFT). The time complexity is analyzed
for the BCGS-FFT applied to layered arbitrary anisotropic media.
In the inversion model, the variational Born iterative method (VBIM)
is employed to reconstruct the arbitrary anisotropic profiles of both the
permittivity and conductivity. Numerical simulations are performed to
verify the feasibility and antinoise ability of the forward and inverse
solvers in the circumstance of layered arbitrary anisotropic background
media.

Index Terms— Arbitrary anisotropy, inverse scattering, multilayered
media, scattering.

I. INTRODUCTION

Electromagnetic (EM) scattering and inverse scattering have wide
applications for near-surface detection [1], microwave imaging [2],
geophysical prospecting [3], and so on. In past decades, great
efforts have been contributed to both the algorithms and real-world
measurements for scattering and inverse scattering. In the beginning,
scatterers are placed in a homogeneous medium and scattered fields
are collected to retrieve the dielectric parameters of the scatterers [4].
In such a scenario, the Green’s function for the homogeneous
background medium is readily evaluated. Typical applications include
microwave imaging of unknown multiple objects [5], biomedical
imaging [6], etc. Later, the planarly layered medium is consid-
ered. Layered medium Dyadic Green’s functions (DGFs) are com-
puted through Sommerfeld integration to account for the multiple
reflections and transmission at layer boundaries [7]. One of the
important applications of EM scattering in planarly layered media
is the geophysical exploration. For example, the fast computation
to simulate EM scattering of the oil reservoir, utility pipes, buried
land mines, or unexploded ordnance is presented in [8] and [9].
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In controlled-source EM (CSEM) measurements [10], [11], the back-
ground medium can be treated as a half-space model or hori-
zontally layered. Other geophysical applications include hydraulic
fracture evaluation [3], subsurface inspection by ground-penetrating
radar (GPR) [12], through-wall-imaging (TWI) [13], and so on.
However, in nature, some materials also show obvious anisotropy
and thus it is necessary to study the effect of anisotropy on EM
scattering.

Previously, a lot of research work has been accomplished for the
EM scattering and/or inverse scattering in the circumstance of layered
anisotropic background media. In [14] and [15], the background
medium was uniaxial anisotropic with the optical axes perpendicular
to the layer boundaries but the scatterers can be uniaxial or arbitrary
anisotropic. The EM scattering cases in which the optical axes of
the background medium are parallel to the layer boundaries were
also studied [16]. On the other hand, the inversion of anisotropic
scatterers embedded inside the layered uniaxial media was imple-
mented recently [17], [18]. But the EM scattering in the layered
arbitrary anisotropic media is rarely studied. Therefore, the focus
of this communication is to investigate the scattering and inverse
scattering of arbitrary anisotropic objects embedded in multilayered
arbitrary anisotropic media. There are several possible applications of
this research work. For example, in the geophysical exploration [19],
the arbitrary anisotropic conductivity of the layered cross-bedded
formation with symmetrical tensors is caused by the rotation of
the principal axes. In the ionosphere remote sensing, the oblique
geomagnetic field changes the perturbed region [20] from a layered
gyrotropic medium with conjugate symmetric tensors to a layered
arbitrary anisotropic medium [21]. In addition, in our work, the scat-
terer is allowed to be placed across multiple layers which is different
from previous work [14], [15].

One of the commonly used methods to formulate the EM scattering
problems is using the integral equations. The most direct way to solve
the discretized integral equations is the method of moments (MoM).
However, the computational cost of MoM is high. Fast solvers such as
the adaptive integral method (AIM) [9] and the biconjugate gradient
stabilized fast Fourier transform (BCGS-FFT) [15] are proposed to
replace MoM to solve forward scattering problems. For the inverse
scattering, many iterative methods such as contrast source inversion
(CSI) [22], subspace-based optimization method (SOM) [23], and
Born iterative method (BIM) and its variants [24] are validated in
the previous work. CSI and SOM usually require good initial models
to start the iteration. The variational BIM (VBIM) converges faster
than BIM and needs less computation cost compared with distorted
BIM (DBIM), and thus is adopted in this communication. It calls
the forward solver BCGS-FFT iteratively to reconstruct the arbitrary
anisotropic parameters of the dielectric scatterers.

The organization of this communication is as follows. In Section II,
the evaluation of DGFs in the layered arbitrary anisotropic dielectric
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Fig. 1. Typical configuration for EM scattering in a planarly layered arbitrary
anisotropic medium.

medium is discussed. Forward and inverse models are presented,
and the FFT acceleration in the forward computation is analyzed.
In Section III, the forward scattering of a cross-layer scatterer is
simulated by BCGS-FFT and the results are compared with finite
element method (FEM) by the commercial software COMSOL.
Then, 12 anisotropic model parameters of the cross-layer scatterer
are simultaneously reconstructed by VBIM, which is enhanced by
the structural consistency constraint (SCC) and structural continuity
scanning (SCS) algorithms. The hybrid method VBIM-SCC-SCS has
been validated in our previous work [18] and will not be discussed
in this communication. Then, the antinoise ability of the inversion is
studied. In Section V, conclusions are presented.

II. FORMULATION

The objective of this communication is to solve the scattering and
inverse scattering problems of 3-D arbitrary anisotropic dielectric
objects embedded in a layered arbitrary anisotropic background
medium. The typical configuration is shown in Fig. 1. We assume
that the scatterer with arbitrary anisotropy for both permittivity
and conductivity is placed across several layers and has the same
permeability as that of free space μ0. Its relative permittivity and
conductivity tensors are written as

εs =
⎡
⎢⎣

εs
11 εs

12 εs
13

εs
21 εs

22 εs
23

εs
31 εs

32 εs
33

⎤
⎥⎦ , σ s =

⎡
⎢⎣

σ s
11 σ s

12 σ s
13

σ s
21 σ s

22 σ s
23

σ s
31 σ s

32 σ s
33

⎤
⎥⎦ (1)

where s denotes the scatterer, εs
pq = εs

qp, and σ s
pq = σ s

qp with p,
q = 1, 2, and 3. Although the proposed method is applicable to
arbitrary anisotropic media with asymmetric tensors of the dielectric
parameters, we only consider the symmetrical tensors rotated from
uniaxial ones in this work, which is ubiquitous in nature [19]. For
convenience, the complex relative permittivity tensor of the scatterer
can be written as

εs = εs + σ s

jωε0
(2)

where ω is the angular frequency of the EM wave.
The arbitrary anisotropy of the i th layer of the background medium

is constructed by rotating the principal axis of a uniaxial medium.
Such a phenomenon is always seen in engineering applications such
as the geophysical exploration [19]. Therefore, dielectric parameters

of the i th layer of the background medium are

ε
i
b = Rε

i
b0RT , σ

i
b = Rσ

i
b0RT (3)

where the subscript b denotes the background, the superscript T
means the matrix transpose, and R is the rotation transformation
matrix whose details are given in [25, Appendix B]. ε

i
b0 and σ

i
b0

are uniaxial tensors and expressed as

ε
i
b0 = diag

{
εi

x , εi
x , εi

z
}
, σ

i
b0 = diag

{
σ i

x , σ i
x , σ i

z
}
. (4)

Obviously, ε
i
b and σ

i
b become full symmetrical tensors after rotation

to represent the arbitrary anisotropic property. Similarly, the complex
tensor of the background medium can be written as

ε
i
b = ε

i
b + σ

i
b

jωε0
. (5)

A. Evaluation of DGFs in Layered Arbitrary Anisotropic Media

Since the integral equations are used to solve the EM scattering
problems in this work, layered medium DGFs must be evaluated first.
The most straightforward method is to decompose the EM waves
excited by a point source into a series of plane waves by Fourier
expansions in the spectral domain. In the next step, the reflection
and transmission coefficients in multiple layers are computed for
each plane wave component. And finally, integration is performed
to sum all the plane wave components at the observation point
subject to the multiple reflection and transmission. When the layered
medium is isotropic or uniaxial anisotropic with the optical axis
perpendicular to the layer boundaries, the 2-D integration in the
spectral domain with respect to kx and ky can be further simplified
into 1-D Sommerfeld integration with respect to kρ . The details can
be found in [7]. However, when the layered medium is arbitrary
anisotropic, the azimuthal symmetry does not hold anymore. As a
result, the 2-D integration with respect to kx and ky must be
performed in an infinitely large horizontal plane. The mathematical
formulas and numerical validations have been presented in [26].
One should note that there is no cross-coupling between transverse
electric (TE) and transverse magnetic (TM) waves when reflection
or transmission occurs at layer boundaries of isotropic or uniaxial
media. Therefore, the reflection or transmission coefficients for TE
or TM plane waves are expressed by two independent complex
numbers. By contrast, they are expressed by two 2 × 2 matrices when
the layered medium is arbitrary anisotropic since the cross-coupling
between type I and type II waves is obvious [26].

Another important issue we want to emphasize here is the decom-
position of DGFs in the ẑ-direction. In previous work [1], [8],
[9], [14], [15], the DGF G is decomposed into the “plus” and
“minus” parts in the ẑ direction to facilitate the computation of
the interactions between DGFs and the equivalent current inside a
certain horizontal layer. See [7, eqs. (62)–(65)] and [8, eq. (12)].
Unfortunately, such a decomposition is not valid when the medium is
arbitrary anisotropic. We can imagine the simplest scenario in which
two different homogeneous arbitrary anisotropic media are divided
by an infinite large plane at z = z1. A source point r′ = (x ′, y′, z′)
and a field point r = (x, y, z) are located in the lower half-space.
A plane wave including both type I and type II waves and with the
unit amplitude starts from r′, hits the layer boundary at z = z1, and
is reflected back to r. By referring to [26], it is not difficult to derive
the type I downgoing wave at r

A−
1 (z) = R11exp

[
λ+

1 (z1 − z′) + λ−
1 (z − z1)

]
+ R12exp

[
λ+

2 (z1 − z′) + λ−
1 (z − z1)

]
(6)
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TABLE I

DIELECTRIC PARAMETERS OF THE SECOND LAYER, THIRD LAYER, AND THE SCATTERER

where λ is the eigenvalue to characterize plane wave propagation
inside arbitrary anisotropic media [26], the superscripts + and −
denote the upgoing and downgoing waves, respectively, and the
subscript 1 or 2 means the type I or type II wave. R11 or R12
stands for the reflection coefficient at the boundary z = z1 for type I
wave generated from the incident wave of type I or type II. In the
layered arbitrary anisotropic medium, R12 is not zero. λ+

2 and λ−
1

are neither equal nor have the opposite signs. Therefore, A−
1 cannot

be decomposed to the “minus” part including z − z′ and the “plus”
part including z + z′. However, when the arbitrary anisotropy degen-
erates into uniaxial anisotropy, R12 becomes zero and λ−

1 and λ+
1

are equal or have the opposite signs, A−
1 can be decomposed.

See [7, eqs. (62)–(65)].

B. Forward Model

The forward model is formulated by the state equation

Einc(r) = Etot (r)

− jωε0

∫
D

GEJ(r, r′)(εs(r′) − εb(r′))Etot (r′)dr′ (7)

where Einc is the incident field when the scatterer is absent while
Etot is the total field when the scatterer is present. GEJ is the DGF
in layered arbitrary anisotropic media [26] linking the source point
r′ and the field point r. Apply (7) to r in D and discretize (7) to
obtain the weak forms. And then, the BCGS-FFT method can be used
to solve the total field Etot . Similar works have been accomplished
in [14] and [15] for uniaxial media. Compared with these previous
works, the forward computation in this work has following difference.

1) A point-matching procedure is adopted to transform (7) into
matrix equations. The rooftop basis functions are not used.

2) The computation domain D is allowed to cross multiple layers,
i.e., the equivalent current can distribute in several arbitrary
anisotropic layers continuously.

3) The FFT acceleration for the interaction between the DGFs
and equivalent current can only be applied in the horizontal
xy plane. In the ẑ-direction, the DGF cannot be decomposed
into the “plus” and “minus” parts. Consequently, the integration
cannot be converted into FFT operations. This accordingly
leads to the increase of the computation complexity. Suppose
the computation domain D is divided into N = Nx × Ny × Nz
discretized cells. Compared with the BCGS-FFT solver in
layered isotropic or uniaxial media [8], [15], the computation
complexity increases to O(K Nz Nlog(Nx Ny )), where K is the
iteration number.

C. Inversion Model

The inversion model is formulated by the data equations

Esct (r) = jωε0

∫
D

GEJ(r, r′)(εs(r′) − εb(r′))Etot (r′)dr′ (8a)

Hsct (r) = jωε0

∫
D

GHJ(r, r′)(εs(r′) − εb(r′))Etot (r′)dr′ (8b)

Fig. 2. Configuration of a cross shape scatterer embedded in a layered
arbitrary anisotropic background medium.

where Esct and Hsct are the scattered fields measured at the field
point r. In the inverse scattering computation, the source points r′
and field points r are not overlapped, (8) is discretized, and 12 model
parameters contained in εs are retrieved by VBIM-SCC-SCS simul-
taneously [18].

III. FORWARD SCATTERING VALIDATION

In this section, we validate the forward BCGS-FFT solver via
comparing the results with numerical simulations of FEM by the com-
mercial software COMSOL. The perfect-matched layers are adopted
in the FEM computation. All the computation and simulations are
performed on a workstation with 48-core Xeon E52697 v2 2.7G
CPU, 512 GB RAM. The configuration for an arbitrary anisotropic
cross shape scatterer embedded in a four-layer arbitrary anisotropic
background medium is shown in Fig. 2. The top and bottom layers
are air in which the transmitter and receiver arrays are placed. Two
4 × 4 transmitter arrays with the size of 18 m × 18 m are placed
at z = −3.0 m and z = 9.0 m, respectively. Each transmitter is
a unit dipole, operating at 30 MHz and polarized in the direction
of (1, 1, 1). Two 5 × 5 receiver arrays with the size of 30 m × 30 m
are placed at z = −1.5 m and z = 7.5 m, respectively. The
scatterer is a cross shape, embedded in the second layer and the
third layer, formed by cutting four small cuboids with the size of
0.9 m × 0.9 m × 1.2 m out of a rectangular shape with the dimensions
of 2.7 m × 2.7 m × 1.2 m. The centers of the four cuboids and the
rectangular shape are at (−1.05, −0.15, 3) m, (1.05, −0.15, 3) m,
(−0.15, −1.05, 3) m, (-0.15, 1.05, 3) m, and (−0.15, −0.15, 3) m,
respectively.

The dielectric parameters of the second and third arbitrary
anisotropic layers and the scatterer are listed in Table I. The
computation domain of BCGS-FFT with the dimensions of 6 m
× 6 m × 3 m enclosing the scatterer has the center at (0,
0, 3.0) m. The electrical size of the scatterer is around half
wavelength. For comparisons of total fields, we choose the trans-
mitter at (0, 0, −3) m and two sets of 6 × 6 uniform sam-
pling points with the spatial step of 0.9 m in both the x̂- and
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Fig. 3. Comparisons of the total electric fields in the domain D and the scattered fields at the receiver array solved by BCGS-FFT and simulated by FEM.
(a) Real parts of total fields Ex . (b) Imaginary parts of total fields Ex . (c) Real parts of total fields Ey . (d) Imaginary parts of total fields Ey . (e) Real parts
of scattered fields Ez. (f) Imaginary parts of scattered fields Ez. (g) Real parts of scattered fields Hz. (h) Imaginary parts of scattered fields Hz.

Fig. 4. 2-D xy slices of reconstructed results for the cross shape object by VBIM. (a)–(f) are slices at z = 3.45 m for the relative permittivity. (g)–(l) are
slices at z = 3.45 m for the conductivity. The dotted boxes denote the true location of the scatterer.

ŷ-directions and located at z = 2.25 m and z = 3.45 m
in the inversion domain. For scattered field comparisons, the field
values are sampled at all the 50 receivers.

The BCGS-FFT iteration converges after six steps with the resid-
ual error of 5.79 × 10−6. Fig. 3 shows the comparisons of the
x-component and y-component of the total electric fields inside
the computation domain and z-component of the scattered fields at
the receiver array. The results show that the solutions of BCGS-FFT
match the results of FEM well. The comparisons of the other
components have the same good match and are not shown here.
However, the BCGS-FFT has the obvious speed advantage over FEM.
The BCGS-FFT spends around 1 min to complete the six iterations,
while the simulation in COMSOL by FEM needs 19 min.

IV. INVERSION ASSESSMENT

In this section, we reconstruct the anisotropic model parameters
of the cross shape scatterer given in the forward computation in
Section V. Twelve model parameters are retrieved simultaneously.
The inversion domain is the same as the computation domain in the
forward computation. It is divided into 20 × 20 × 10 cubic cells and

the size of each cubic cell is �x = �y = �z = 0.3 m. Because each
cell has 12 unknowns, there are totally 48 thousand unknowns to be
reconstructed. We perform the inversion by VBIM-SCC-SCS and it
terminates after 21 iterations when the relative residual error (RRE)
of the reconstructed scattered field compared with the measured data
is less than the threshold 5×10−4. The 2-D xy slices and xz slices of
the restructured anisotropic dielectric parameters of the cross shape
scatterer are shown in Figs. 4 and 5, respectively. The true location
and shape are illustrated by white dotted boxes. We can see that
both the shape and 12 dielectric parameters of the scatterer are well
reconstructed.

We then verify the antinoise ability of VBIM-SCC-SCS for the
reconstruction of arbitrary anisotropic scatterers embedded in layered
arbitrary anisotropic background media. The white Gaussian noise
with a power signal-to-noise ratio (SNR) of 30 dB is added to
the simulated scattered field. When the VBIM-SCC-SCS inversion
procedure terminates after 15 iterations, the RRE is 4.763% for
SNR = 30 dB. The detailed 2-D xy slices of the reconstructed
results are shown in Fig. 6. We only show the xy slices of the
diagonal elements. Other retrieved parameters and slices are similar
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Fig. 5. 2-D xz slices of reconstructed results for the cross shape object by VBIM. (a)–(f) are slices at y = −0.45 m for the relative permittivity. (g)–(l) are
slices at y = −0.45 m for the conductivity. The dotted boxes denote the true location of the scatterer.

TABLE II

MISFITS FOR VBIM-SCC-SCS WITHOUT NOISE AND WITH NOISE FOR THE CROSS SHAPE SCATTERER

Fig. 6. 2-D xy slices of reconstructed results for the cross shape object by
VBIM when SNR = 30 dB. (a)–(c) are slices at z = 3.45 m for the relative
permittivity. (d)–(f) are slices at z = 3.45 m for the conductivity. The dotted
boxes denote the true location of the scatterer.

and not presented here. We can see that the reconstructed shapes and
dielectric parameters of the cross shape scatterer are still discernible
even with 30 dB noise contamination. To quantitatively evaluate
the inversion results, we introduce the data misfit and model misfit
defined in [18]. The data misfits of scattered fields and model misfits
of all reconstructed parameters are listed in Table II. Obviously,
the model misfits become larger when the scattered field data are
contaminated by noise. The model misfits of off-diagonal dielectric
parameters are larger than those of the diagonal ones. This is
because the background medium is constructed by rotation of the
optical axis of a uniaxial anisotropic medium, which makes the
off-diagonal dielectric parameters much smaller than diagonal ones.
When some discretized “background” cells near the boundary of the
scatterer are incorrectly judged as “scatterer” cells in the inversion,
their off-diagonal dielectric parameters are assigned those of the
scatterer which are much larger. As a result, the model misfits of
the off-diagonal elements are significantly increased. In addition,

when noise added, the scattered field misfits when the iteration
terminates are a little larger than the SNR, which implies that the
VBIM-SCC-SCS has a certain antinoise ability to retrieve arbitrary
anisotropic objects embedded in layered arbitrary anisotropic media.

V. CONCLUSION

In this communication, we simulated the EM scattering of arbitrary
anisotropic scatterers embedded in a layered arbitrary anisotropy
background medium using the BCGS-FFT algorithm in the forward
model. The scatterer is allowed to be placed across multiple layers.
It is found that the computation complexity is increased compared
with the forward scattering computation when the layered background
medium is uniaxial. The reason is that the cross-coupling occurs
between two types of waves at the layer boundaries of arbitrary
anisotropic media, which causes the failure to decompose the layered
DGFs in the z-direction. However, comparisons with FEM compu-
tation show that both the total fields and scattered fields solved by
BCGS-FFT are still precise and reliable when the layered background
medium is arbitrary anisotropic.

In the inversion, we reconstructed 12 dielectric parameters per cell
of the arbitrary anisotropic scatterer by VBIM-SCC-SCS simultane-
ously. The results show that both the shape and anisotropic model
parameters of the scatterer are well reconstructed. When 30 dB
white Gaussian noise is added, the reconstructed shape and dielectric
parameters of the scatterer are still discernible. The hybrid method
VBIM-SCC-SCS is capable of dealing with the inversion of arbitrary
anisotropic scatterers placed across multiple layers of an arbitrary
anisotropic background medium.
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